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ABSTRACT

In this paper, we investigates the relation betwéerring-theoretic properties &and the graph-
theoretic properties ofi (R), whereRis a finite commutative ring with unity, an@(R) is a simple
undirected graph associatedRieuch that two deferent verticesy € V(G) = R are adjacent ifi? = v?2.
Rings of interest arB = Z/nZ.
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An Exposition of Graphs Related to Finite Commutative Rings

1. INTRODUCTION

Let n be a positive integer, the set of all congruerlasses of integers for a modutois called the
ring of integers modulex and is denoted./nZ = Z,,. SinceZ, is finite, it has integer characteristic
charZ, = n. If n is not a prime number, théh, has zero-divisors arifl,[x] is not a unique factorization
ring, that is, if o, #0, then (x —a)(x +a) = (x — B)(x + B),are two distinct, non-associated
factorizations of

x? = amodn, (1)

wherea = (+a)? = ()2 If n =p is a prime, therZ,don't havezero-divisors. However, #, is a
domain, then it is a field, arid, [x] is a unique factorization domain.

Given aninteget, consider the grapf(Z,) with vertex setZ,, where two deferent vertices and
vare adjacent exactly whert = v2.The graph presentedifi(Z,,) is a disconnected simple graph.

This article aims to expose the most recent devedops in describing the structural properties ef th
graphé (Z,)of the finite commutative ring,,.
For the sake of completeness some basic algebrdinuember-theoretic notions, one can refer to[B] 2,

2. PRELIMINARIES

Definition 2.1.An integer a is called a quadratic residue of nif(a,n) = 1, and the congruence x? =
a (modn) has a solution. Otherwise, a is called a quadratic nonresidueof n.

Since the derivative of? is 2x, and 2x = 0 (mod 2) we have to distinguish between the cases
p = 2 andp odd prime.

Theorem 2.1.Let p be an odd prime, and (a, p) = 1. Then thereis a solution of x? = a(modp®), e > 1,
if and only if thereis a solution of x? = a (modp).

Theorem 2.2Let n = pflpgz ...p¢". Then the number a is a square modn iff there are numbers

X1, X2, ..., X, SUch that

x% = a (modp?")

NN

=a (modpfz)

2

x2 = a (modp¢)

Let N(n) denote the number of solutionsadf — a = 0 modn. If n = p;'p,2...p.* is the prime

decomposition of, thenN(n) = N(p;)N(p,2)... N(pi*).
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Theorem 2.3.1f p isan odd prime, (a,p) = 1 anda is a quadratic residue of p, then the congruence
x? = a (modp) has exactly two roots.

Proof: See [3].
Corollary 2.1. Let p be prime, the congruence

x? = 1 (modp)
has only the solutions x = + 1 (modp).

Theorem 2.4.Let p be an odd prime. Then there are exactly (p — 1)/2 incongruent quadratic residues of
p and exactly (p — 1)/2 quadratic non-residues of p.

-1
Corollary 2.2.The equation x? = a (modp) has no solution if and only if apT = —1 (modp).
An elementx of R is callednilpotent if there exists an integer > 0 such thak™ = 0.

In graph theory, acomplete graphis a simple undirected graphin which evergir of
distinct vertices is connected by a unique edgeegilar graph is a graph where each vertex has the
same number of neighbors; i.e. every vertex hasdh®e degreelég(v) is used to refer to the degree of
a vertew).

3. MAIN RESULTS

One notice that ifh is an odd prime then according Theorem 2.3, there are only two solutions of
the quadratic polynomial (1), which means they(v) = 1 for all v € Z,,. Furthermore, the vertex
v = 0 is omitted in this case, becaligeis a field. ThereforeZ,, doesn’t contain nilpotent elements that
are adjacent to = 0. If n is not a prime number, théeg(v) > 1 in some components up to the deferent

factorizationofx? — a = 0 modn.

Since the degree of a vertexdepends on the number of roots of the quadratignpmial (1),
then we have the following.

Proposition 3.1. Letm bethe number of distinct roots of the quadratic polynomial (1), and visa solution
of this quadratic polynomial. Then, deg(v) = m — 1.

Proof: Suppose that? —a = 0 modn is reducible quadratic polynomial, amds one of its solutions,
consequentlyvis also a root.As stated in Theorem 1.2, the potyab (1) has > 1 deferent
factorization, which give us deferent solutions. Thudeg(v) =m — 1.m

The degree of a vertaxin G by definition is the number of arrows adjacenthis vertex. Since the
solution of the polynomial (1) relies on the integesmbern, then the degree of can be determined as
follows:
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Theorem 3.1. Let p;,p,, ..., px be the prime component of the number n. Then the highest degree of a
vertex v inthe graph G(Z,) equalsto 2% — 1.

Proof. Let x2 — a = Omodn be a reducible quadratic polynomial o&y. From Theorem 2.3 for each
prime numbep;, we have

N(n) =2 X 2 X...X 2 (ktimes) = 2.
Sincev is considered as one of these solutions, deg$y) = 2 — 1. m

In general, we can say thatpf?, p,?,...,p," be the prime component of the numberThen the
highest degree of a vertexin the graphz(Z,,) equals taV(p;*)N(p,?)... N(p,") — 1. For instance, in
the graph shown in Figure 7the highest degreevefi@xv is deg(v) = 6.

Considem = p;p, ... py, all solutions of quadratic polynomiaté — a; = 0 modnis a connected
component inG(Z,). Whenk = 1we have a 1-regular graph(every two vertices ammected separately

with an edge). Therefore, from Theorem 2.4 we finak the number of components = pT_l.Ifk > 1,
some quadratic polynomiai® — a; = 0 modn will have more than two solutions. Thus, the numife
components;,, will be less thaﬁg—l.

Considerx? — b = 0 modn is a quadratic polynomial withkb; solutions such that < i < [ for

some positive integergand [. The solutionstb; perform a simple completesubgraph (that is a
componentini)and this subgraph ikaegular graph inG, wherek = deg (b;) for somei.

4. GRAPHSFOR SOME INTEGERSn

In this section, we introduce the grapbi§Z,) for some primes and composite integer=
7,8,15,16,24,25,36.We observe that the highest degree of a verte&(ify,) depends on deferent
factorization of the integer. For instance, inFigure 1,the shown gr&li-) is 2-regular, while inFigure
2, Figure 3, and Figure 4 there &eegular subgraphs. In Figure 7, we have Baegularsubgraphs and
six 3-regular subgraphs. In Figure 5 there is gumi7-regular subgraph and three 3-regular subgraph
Figure 6, the shown gragh(Z,,) includes a unique subgraph with vertex degreetgrélaan one.
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Figure 1: Shown is the grapG(Z-,)
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Figure 2: Shown is the grapt(Zg)
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Figure 3: Shown is the grapi(Zs)
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Figure 4: Shown is the grapi(Z4e)
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Figure 7: Shown is the grapti(Zse)
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